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BRAID GROUPS AND DISCRETE DIFFEOMORPHISMS OF
THE PUNCTURED DISK
SAM NARIMAN
Abstract. We show that the group cohomology of the diffeomorphisms of
the disk with n punctures has the cohomology of the braid group of n strands
as the summand. As an application of this method, we also prove that there
is no cohomological obstruction to lifting the “standard” embedding Br2g+2 ↪
Modg,2 to a group homomorphism between diffeomorphism groups.
1. Statement of the results
Let S be a surface possibly with boundary and let z ⊂ S be a subset of ∣z∣ = n
points on the surface. We shall write Diff(S − z, ∂S) for the topological group
(equipped with the C∞-topology) of the orientation preserving smooth diffeomor-
phisms of the punctured surface S − z whose supports are away from the boundary
∂S. To study certain algebraic properties of this group, we also consider the same
group Diffδ(S − z, ∂S) but with the discrete topology. Recall the mapping class
group Mod(S,z) is the group of connected components of the topological group
Diff(S − z, ∂S) and there are natural maps
Diffδ(S − z, ∂S) → Diff(S − z, ∂S) →Mod(S,z),
where the first map is the identity homomorphism and the second is taking quotient
by the identity component of the group Diff(S − z, ∂S).
The realization problem for a subgroupH ↪Mod(S,z) is concerned with whether
one can lift H to Diffδ(S − z, ∂S) as a subgroup. One of the positive results in this
direction is the solution to the Nielsen realization problem by Kerckhoff [Ker83]
who proved that any finite subgroup of the mapping class group of a surface can
be realized by diffeomorphisms. On the other hand, for surfaces with no punctures
Morita [Mor87] used the Bott vanishing theorem to show that the induced map
between group cohomologies
H∗(Mod(S);Q)→H∗(Diffδ(S,∂S);Q),
has a kernel while the genus g(S) is larger than 10 and he concluded that finite
index subgroups of the mapping class group of the surface S cannot be realized as
a subgroup of the diffeomorphism group of the surface.
1.1. Splitting of the cohomology. For the case of the disk S = D2, Salter-
Tshishiku [ST16] showed that the braid group Mod(D2,z) cannot be realized as a
subgroup of Diffδ(D2 − z, ∂D2) for ∣z∣ ≥ 5 using dynamical system techniques but
unlike Morita’s theorem we will show that
Theorem 1.1. The map
H∗(Mod(D2,z);A) →H∗(Diffδ(D2 − z, ∂D2);A),
is split injective in all cohomological degrees and for all abelian groups A.
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Remark 1.2. For ∣z∣ ≥ 5, the proof of the above theorem implies a slightly stronger
result that the induced map between the plus constructions of the classifying spaces
BDiffδ(D2 − z, ∂D2)+ → BMod(D2,z)+,
admits a section, where + means Quillen plus construction at the commutator
subgroups.
Remark 1.3. For homeomorphism groups, Thurston observed in [Thu11] that for
∣z∣ = 3,
Homeo(D2 − z, ∂D2)→Mod(D2,z),
admits a section.
The situation of realizing braid groups by diffeomorphisms of the punctured disk
is similar to that of realizing the mapping class group of a surface of genus g > 5
by the surface homeomorphism group. That is to say, in that case the mapping
class group and the homeomorphism group have the same homology (see [McD80])
but still there is no section from the mapping class group of such a surface to
its homeomorphism group (see [Mar07]). But the difference is, unlike the case of
surface homeomorphisms, the group homology of Diffδ(D2 −z, ∂D2) is much bigger
than the homology of Mod(D2,z).
In fact a more general result holds for any surface S which specializes to The-
orem 1.1 for S = D2. Let Cn(S) be the configuration space of n unordered points
on the surface S. The surface braid group Brn(S) is the fundamental group of the
space Cn(S). Let Diff(S,z) denote the orientation preserving diffeomorphisms of
S that fix the marked points z as a set and are the identity near the boundary of
S and let Mod(S,z) be the mapping class group of the surface S with n marked
points z in the interior of S. There is a so called point-pushing map
P ∶ Br∣z∣(S)→Mod(S,z)
that is induced by the long exact sequence of homotopy groups for the fibration
Diff(S,z) → Diff(S,∂S) → C∣z∣(S). Nick Salter and Bena Tshishiku [ST16] proved
that for a surface S of genus g and b boundary components if g + 2b ≥ 2 and ∣z∣ ≥ 5,
the point-pushing map has no lift to the diffeomorphisms of the punctured surface.
But we show that there is no cohomological obstruction to realize the surface braid
group as diffeomorphisms of the punctured surface:
Theorem 1.4. For an orientable surface S which is not homeomorphic to sphere,
there exists a lift α∗ for P∗ in the diagram
H∗(Br∣z∣(S);A) H
∗(Mod(S,z);A),
H∗(Diffδ(S − z, ∂S);A)
P∗
α∗
for all cohomological degrees and for all abelian groups A.
For S = D2, we know that Diff(D2, ∂D2) is contractible ([Sma59]). Therefore
the long exact sequence of the homotopy groups for the fibration Diff(D2,z) →
Diff(D2, ∂D2) → C∣z∣(D2) implies that P ∶ Br∣z∣(D2) → Mod(D2,z) is an isomor-
phism. Thus Theorem 1.1 is a special case of Theorem 1.4 for S = D2.
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1.2. Geometric meaning of the splitting. Using bordism theory, we can ge-
ometrically interpret the splitting Theorem 1.1 as follows. Let a Bk-object
1 be a
triple (M,N, ǫ), where M is an oriented compact smooth manifold, N is an ori-
ented smooth compact submanifold of the product M × Rk of dimension equal to
the dimension of the manifold M , and ǫ is a trivialization of the normal bundle
to N in M × Rk. If N has a boundary, we assume that ∂N ⊂ ∂M × Rk and ǫ
restricts to a trivialization of the normal bundle of ∂N inside ∂M ×Rk. Thus we
can define the boundary of the Bk-object (M,N, ǫ) to be (∂M,∂N, ǫ
′) where ǫ′ is
induced by the restriction of ǫ. Given two Bk-objects (M1,N1, ǫ) and (M2,N2, ǫ2)
without boundary, we say they are bordant if there exists another Bk-object whose
boundary is (M1∐−M2,N1∐−N2, ǫ1∐ ǫ2). We say (M,N, ǫ) is nonsingular if the
restriction of the projection map M ×Rk →M to N is a regular map.
For manifolds M and L, the trivial bundle M × L → M admits a horizontal
foliation which is given by the leaves M × {x} for all x ∈ L. Let F be a foliation on
M ×L transverse to the fiber of M ×L →M . We say F is compactly supported if
there exits a compact subset K ⊂ L such that the restriction of F to M × (L/K)
coincides with the restriction of the horizontal foliation to M × (L/K).
Theorem 1.5. For k = 2 and k = 3, every nonsingular Bk-object (M,N, ǫ) is
bordant to another nonsingular Bk-object (M
′,N ′, ǫ′) where the bundle p ∶ M ′ ×
Rk/N ′ →M ′ admits a compactly supported foliation that is transverse to the fibers
of the projection p.
1.3. Inducing up the map BBr2g+2(D
2) → BMod(Σg,2). There are many ways
to embed the braid group into the mapping class group of a surface. We are
interested in the embedding induced by the geometric description given by Tillmann
and Segal in [ST08]. To recall the map, let C2g+2(D
2) be the configuration of
2g + 2 unordered points in interior of the unit disk and let Mg,2 be the moduli
space of connected Riemann surfaces of genus g with two ordered and parametrized
boundary components. There is a map
φ ∶ C2g+2(D
2)→Mg,2
which sends 2g+2 points z = {z1, z2, . . . , z2g+2} to the Riemann surface Σz given by
fz(z)
2 =
2g+2
∏
i=1
(z − zi).
This surface which has genus g and 2 boundary components is a branch cover over
the unit disk with z as the set of branched points. We consider the map that is
induced on the fundamental groups
ψ ∶ Br2g+2(D
2)→Mod(Σg,2).
Birman and Hilden [BH73] proved that this map is injective. The main theorem in
[ST07] and [ST08] is that ψ induces the trivial map on the stable homology.
Motivated by the Lie theoretic version of the Margulis Superrigidity, which as-
serts that homomorphisms between lattices (virtually) extend to homomorphisms
of the ambient groups, Aramayona and Suoto in [AS12] asked if the same is true
for group homomorphisms between mapping class groups. In our case, the question
becomes:
Question 1.6. Is it true that the group homomorphism ψ is (virtually) induced
by a homomorphism Ψ between diffeomorphism groups? In other words, does there
1We borrowed this notation from [Fuk74].
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exist a homomorphism Ψ that makes the following diagram commute?
Diffδ(D2, (2g + 2) marked points) Diffδ(Σg,2, ∂Σg,2)
Br2g+2(D
2) Mod(Σg,2).
Ψ
ψ
As we shall see in Section 2.4, one can use covering space theory to lift ψ to
a group homomorphism between Diffδ(D2, (2g + 2) marked points) and the home-
omorphism group Homeoδ(Σg,2, ∂Σg,2) but it is not hard to see that such a lift
cannot be made differentiable at the ramification points in Σg,2.
We show that there is no homological obstruction for Ψ to exist in the following
sense:
Theorem 1.7. There exists a map Φ which makes the following diagram homotopy
commutative
BDiffδ(D2, (2g + 2) marked points) Y
BBr2g+2(D
2) BMod(Σg,2).
Φ
φ
where Y is a space over BMod(Σg,2) that is only homology equivalent to the clas-
sifying space BDiffδ(Σg,2, ∂Σg,2).
Remark 1.8. Kathryn Mann ([Man17]) recently found a construction for the map
Ψ which solves the problem 1.6.
Remark 1.9. Unlike the main theorem in [ST07] and [ST08] which says that φ
induces a trivial map in the stable homology, we show that Φ induces a nontrivial
map
H3(Diff
δ(D2, (2g + 2) marked points);Z) →H3(Diff
δ(Σg,2, ∂Σg,2);Z)
between third homologies, using Godbillon-Vey classes.
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2. Splitting of the group H∗(Diffδ(D2 − z, ∂D2);Z)
In this section, we define the notion of configuration bundle maps inspired by the
work of Ellenberg, Venkatesh and Westerland in [EVW12] to prove Theorem 1.1.
Using configuration bundle maps, we give a model for the plus construction of
BDiffδ(D2 − z, ∂D2) that also maps to BMod(D2,z). Given this model, we then
find a space level section which leads to a section between (co)homology groups.
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2.1. Recollection from foliation theory. Let us first briefly recall Mather-Thurston
theory (see [Nar15, Section 1.2.1] or [Nar14, Section 5.1] for more details).
Let SΓn denote the topological category whose objects are points in R
n with
the usual topology and whose morphisms are germs of orientation preserving dif-
feomorphisms of Rn. Given an open cover U = {Ui ↪ X} on a topological space
X , we can define the Cˇech groupoid XU as follows. The space of objects of XU
is given by the disjoint union ∐iUi and the space of morphisms is given by the
disjoint union ∐i,j Ui ∩Uj . An SΓn-cocycle on a topological space X is given by a
covering U of X and a functor from the groupoid XU to the groupoid SΓn. Two
SΓn-cocycles, F1 ∶ XU → SΓn and F2 ∶ XV → SΓn are equivalent if there exists a
functor F ∶ XU∪V → SΓn such that F ∣XU = F1 and F ∣XV = F2.
A SΓn-structure on X is an equivalent class of SΓn-cocycles. Two SΓn-structures
F1 and F2 are concordant if there exists an SΓn-structure F on X × I so that
F ∣X×{0} = F1 and F ∣X×{1} = F2. Concordance class of SΓn-structures on X are in
bijection with homotopy classes of maps from X to the classifying space BSΓn. In
particular, on a manifold M any codimension n foliation F whose normal bundle is
oriented, gives rise to an SΓn-structure on M and therefore the foliation F induces
a map M → BSΓn well defined up to homotopy.
We can consider the topological group GLn(R)
+ of invertible real n by n matrices
with positive determinants as a topological category with one object. There is a
functor from SΓn to GLn(R)
+ that sends every morphism in SΓn to its derivative.
This functor induces a map between classifying spaces ν ∶ BSΓn → BGLn(R)+.
For a smooth n-manifold M possibly with boundary, the foliation by points gives
an SΓn-structure whose normal bundle is the tangent bundle of the manifold M .
By a general theory of Haefilger [Hae71, Section 3], this SΓn-structure induces a
commutative diagram up to homotopy
(2.1)
M BGLn(R)
+,
BSΓn
τ
ν
s0
where τ is the classifying map for the tangent bundle TM . Therefore s0 lifts the
orientation structure on TM to a tangential structure given by the map ν. Let
γ be the tautological bundle over BGLn(R)
+. Fixing an isomorphism between
TM and τ∗(γ), the map s0 induces a bundle map from TM and ν
∗(γ). Let
Bun∂M(TM,ν
∗(γ)) be the space of bundle maps from TM to ν∗(γ) that are equal
to the map induced by s0 on a germ of a collar of the boundary ∂M . The topology
on the bundle maps is given by the compact-open topology. Note that the topolog-
ical group Diff(M,∂M) acts on the space Bun∂M(TM,ν
∗(γ)) by precomposing a
bundle map with the differential of a diffeomorphism2.
In [Nar15, Section 1.2.1], we explained that Mather-Thurston’s theorem ([Mat11])
implies that there exists a homotopy commutative diagram
BDiffδ(M,∂M)
BDiff(M,∂M),
Bun∂(TM,ν
∗(γ))/Diff(M,∂M)
fM
2For a topological group G acting on a topological space X, the homotopy quotient is denoted
by X/G and is given by X ×G EG where EG is a contractible space on which G acts freely.
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where the horizontal map induces a homology isomorphism. In fact we need a
relative version of Mather-Thurston’s theorem (see [McD83] and [McD80]) which
implies that for a set of points z in the interior of M , we have a map
fM−z ∶ BDiff
δ(M − z, ∂M) → Bun∂M(T (M − z), ν∗(γ))/Diff(M − z, ∂M),
that is over BDiff(M − z, ∂M) and induces a homology isomorphism. For brevity,
we denote the target of the map fM−z by Mν(M − z).
2.2. Configuration bundle maps. For a smooth manifold M with boundary, let
int(M) denote the interior of M . Let [n] be the discrete space {1,2,⋯, n}. The
ordered configuration space of n points in M is the space
Fn(M) ∶= Emb([n], int(M)).
The symmetric group of n letters Sn acts freely on Fn(M). The space of unordered
configuration space of n points is the quotient space
Cn(M) ∶= Fn(M)/Sn.
Recall from Section 1 that for a set of n points z in the interior of M the group
Diff(M,z) denotes the topological group of C∞-diffeomorphisms of M that fix z
setwise and are the identity near the boundary ∂M . The space Cn(M) sits in a
fibration sequence
(2.2) Diff(M,z) → Diff(M,∂M)→ Cn(M),
where the second map is given by the action of Diff(M,∂M) on the set z.
Definition 2.3. We define the configuration bundle maps CBunk(M) to be the
space of pairs
{(x, f)∣ x ∈ Ck(M), f ∈ Bun∂M(T (M − x), ν
∗(γ))}.
To define the topology on these pairs, let z ∈ Ck(M) be a fixed configuration of k
points in the interior of the manifold M . Consider the space
Diff(M,∂M) ×Diff(M,z) Bun∂M(T (M − z), ν
∗(γ)),
where the action of Diff(M,z) on Bun∂M(T (M−z), ν
∗(γ)) is induced by the natural
action of Diff(M−z, ∂M) on Bun∂M(T (M−z), ν
∗(γ)). There is a bijection between
this space and CBunk(M) by sending
(φ, g) ∈ Diff(M,∂M) ×Diff(M,z) Bun∂M(T (M − z), ν
∗(γ)),
to (φ(z), g ○ D(φ−1)) ∈ CBunk(M) where D(φ
−1) is the derivative of φ−1. This
bijection induces a topology on CBunk(M) and it is independent of the choice of
the fixed z ∈ Ck(M).
The projection map
π ∶ CBunk(M)→ Ck(M)
that sends the pair (z, f) to the configuration of points z is a fibration and the fiber
over z is space Bun∂M(T (M − z), ν
∗(γ)).
Lemma 2.4. The projection π has a section.
Proof. Recall in the diagram 2.1, the map s0 induces a bundle map that lives
in Bun∂M(T (M), ν
∗(γ)). Let us denote this bundle map by s0 with abuse of
notation. We can restrict the bundle map s0 to M − z for every configuration of
points z ∈ Ck(M) to obtain a bundle map in Bun∂M(T (M − z), ν
∗(γ)). Therefore,
the map that sends z to the pair (z, s0∣M−z) gives a section for π. 
As was pointed out in the introduction, Theorem 1.1 is a consequence of Theo-
rem 1.4 for S = D2. Hence we prove the latter using configuration bundle maps:
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Proof of Theorem 1.4. Recall that for a S and z ∈ Ck(S), the group Diff(S,z) is
the group of C∞-diffeomorphisms of S whose supports are away from the boundary
∂S and fix the points z as a set (they might permute points). It is a consequence of
smoothing theory ([BL74]) in dimension 2 that the inclusion Diff(S,z) ↪ Diff(S −
z, ∂S) is a homotopy equivalence. Therefore the induced map between the following
homotopy quotients of bundle maps
Bun∂S(T (S − z), ν
∗(γ))/Diff(S,z) →Mν(S − z),
is in fact a weak equivalence. For brevity, in above weak equivalence we denote
the first homotopy quotient by Mν(S,z). Using Mather-Thurston’s theorem as we
explained in Section 2.1, we have a homotopy commutative diagram
(2.5)
BDiffδ(S − z, ∂S) Mν(S − z)
BDiff(S − z, ∂S)
Mν(S,z)
BMod(S,z) BBr∣z∣(S).
H∗ − iso ≃
α
Therefore to finish the proof, it suffices to prove that the dotted arrow α exists that
makes the right most triangle commute up to homotopy.
It is well known that for a surface S that either has boundary or is a closed
orientable surface whose genus is positive, the configuration space C∣z∣(S) is an
aspherical space. Since its fundamental group is by definition Br∣z∣(S), the config-
uration space C∣z∣(S) is a model for BBr∣z∣(S) for such surface S.
On the other hand, if H is a subgroup of G and the group H acts on a space
X , then we have the natural map G ×H X → X/H . Hence for H = Diff(S,z),
G = Diff(S,∂S) and X = Bun∂S(T (S − z), ν
∗(γ)), we obtain a natural map
CBunk(S)→Mν(S,z).
The naturality of the above map implies that we have the following homotopy
commutative diagram
(2.6)
CBunk(S) Mν(S,z)
BBr∣z∣(S) BMod(S,z).
π
α
Recall by Lemma 2.4, the projection π has a section, therefore the dotted arrow α
exists that makes the bottom triangle commute up to homotopy. 
Remark 2.7. Since we do not know the analogue of Mather-Thurston’s theorem
(Section 2.1) for diffeomorphisms with marked points, we still do not know if the
map
H∗(Mod(D2,z);A) →H∗(Diffδ(D2,z);A)
is split injective in all cohomological degrees and for all abelian groups A. But
Salter-Tshishiku ([ST16]) used Thurston’s stability theorem ([Thu74b, Theorem
2]) to show that in fact the projection
Diffδ(D2,z) →Mod(D2,z),
does not admit a section. Hence it is still unknown if the existence of a section has
a cohomological obstruction in this case.
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Remark 2.8. There are other cases that similar statements as Theorem 1.1 holds, for
example the map H∗(BDiff(M);A) →H∗(BDiffδ(M);A) is known to be injective
for M = S1, S3 and any hyperbolic three manifolds (see [Nar16] for more details).
Remark 2.9. By the theorem of Hatcher Diff(D3, ∂D3) is contractible ([Hat83]),
thus using smoothing theory and the fibration 2.2, we deduce that BDiff(D3 −
z, ∂D3) ≃ C∣z∣(D
3). Therefore a similar argument shows that
H∗(BDiff(D3 − z, ∂D3);A) ↪H∗(BDiffδ(D3 − z, ∂D3);A)
is also injective. But unlike the punctured 2 disk, BDiff(D3−z, ∂D3) ≄ BMod(D3,z)
where the mapping class group Mod(D3,z) is in fact isomorphic to the permutation
group on ∣z∣ letters.
Remark 2.10. One can in fact show that for a surface S with boundaryHi(BDiff
δ(S−
z, ∂S);Z) is independent of the number of the points ∣z∣ while i≪ ∣z∣. We will not
pursue this homological stability phenomenon in this paper.
2.3. Translating Theorem 1.1 to the language of bordism. We are often in-
terested in understanding the homology of a discrete group G namely infinite sym-
metric group, braid groups on infinite number of strands or compactly supported
diffeomorphisms of Rn. In desirable cases, G is either perfect or has a canonical
perfect subgroup. Therefore it makes sense to take the Quillen plus construction
of BG. The plus construction of BG is more amenable to homotopy theory and
it is often weakly equivalent to an iterated loop space. Fuks in [Fuk74] found a
differential-topological formulation for few results of this type. Roughly, the ho-
motopy theoretical object that is homology equivalent to BG or weakly equivalent
to its plus construction, classifies a certain structure on smooth manifolds. Among
such structures, there are naturally selected “non-singular” structures that have
geometric significance and are classified by BG. Hence, the homology equivalence
of the space BG to the homotopy theoretical object can be translated as the man-
ifolds with specific structures are bordant to manifolds with “non-singular” such
structures.
In this section, we give a differential topological meaning to Theorem 1.1. Let
us first recall the bordism formulation of G.Segal’s theorem ([Seg73, Theorem 3])
which in a special case says that there is a map
(2.11) φ ∶ BMod(D2,z) → Ω2S2
that is homology isomorphism onto the connected component that it hits while the
homological degree is less than n/2. We briefly describe the map φ. The appropriate
model for BMod(D2,z) is the configuration space Cn(R
2) of ∣z∣ = n unordered
points in R2. We identify S2 with the one-point compactification of R2. To every
configuration of points ξ ∈ Cn(R
2), we associate a map φ(ξ) ∶ (S2,∞) → (S2,∞)
which sends the point at infinity to itself. We surround each point of ξ by a ball
of radius d/3 where d is the minimum distance between distinct points in the set ξ.
The map φ(ξ) is the map R2 → S2 that sends the complement of the balls around
points in ξ to the base point ∞ and on each ball is the canonical map D2 → S2
which collapses the boundary to the point at infinity. The map φ lands in Ω2nS
2 the
degree n component of Ω2S2, but since Ω2S2 is an H-space all of its components
are in fact homotopy equivalent.
In fact Segal showed that similarly defined map φ ∶ Cn(R
k) → ΩkSk as above
induces a homology isomorphism onto the connected component that it hits in the
same range of degrees as above. But we are more interested in the case k = 2,
because Cn(R
k) is a K(G,1) space for k = 2 where G = Brn(D
2).
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Definition 2.12. Let a Bk-object be a triple (M,N, ǫ), where M is an oriented
compact smooth manifold, N is an oriented smooth compact submanifold of the
product M × int(Dk) of dimension equal to the dimension of the manifold M , and
ǫ is a trivialization of the normal bundle to N in M × int(Dk). We say (M,N, ǫ) is
“non-singular” if the restriction of the projection map p ∶M × int(Dk)→M to N is
a regular map i.e. at every point of N the derivative of p∣N is non-degenerate. We
say (M,N, ǫ) is bordant to (M ′,N ′, ǫ′) if there exists another Bk object (W,V, η)
whose boundary is (M∐−M ′,N∐−N ′, ǫ∐ ǫ′).
Fuks in [Fuk74] proved that the Segal’s theorem ([Seg73, Theorem 3]) is equiva-
lent to
Theorem 2.13 (Fuks 1974). Every Bk-object which does not have boundary is bor-
dant to a nonsingular Bk-object. Bordant nonsingular Bk-objects can be connected
by a nonsingular bordism.
Sketch. By applying the oriented bordism functor MSO∗ to the map φ, we know
by Atiyah-Hirzebruch spectral sequence that
φi ∶MSOi(Cn(D
k))→MSOi(ΩknS
k)
is isomorphism as long as n ≥ 2i. An element in MSOi(Ω
k
nS
k) can be thought of as a
map f ∶M ×Sk → Sk for some i-dimensional manifold M where f(M ×∞) = ∞. We
can assume that f is smooth and is transverse to zero, hence f−1(0) = N ⊂M×Sk is a
codimensioon k submanifold with a trivial normal bundle. Let ǫ be the trivialization
obtained by the canonical frames at zero in Sk. Since φi is an isomorphism for n
large, there exists a manifold W of dimension i + 1 and a map G ∶W → ΩkSk such
that G(∂W /M) ⊂ φ(Cn(D
k)). One can assume that the map g ∶ W × Sk → Sk
which is the adjoint to G is transverse to zero. Similarly, we can choose a canonical
trivialization η for V = g−1(0). It is easy to see that (W,V, η) is a bordism between
(M,N, ǫ) and a non-singular triple (M ′,N ′, ǫ′). 
Recall from Section 2.1 and Remark 2.9 that we know the map in
(2.14) BDiffδ(Dk − z, ∂Dk) → CBun∣z∣(D
k),
is a homology equivalence for k = 2 and k = 3. To interpret this homology isomor-
phism from differential topological point of view, we define the following obejcts:
Definition 2.15. Let a Ck-object be a quadruple (M,N, ǫ,F), where (M,N, ǫ) is a
Bk-object and F is a SΓk-structure with a trivial normal bundle onM ×D
k/N such
that near the boundary of the fibers ofM×Dk/N →M coincides with the horizontal
foliation (i.e. foliation given by pull back of the point foliation viaM ×Dk → Dk). A
Ck-object is nonsingular if the SΓk-structure structure comes from a codimension
k foliation transverse to the fiber of M ×Dk/N →M .
Similar to Fuks’ theorem, we can translate the homology isomorphism induced
by the map in 2.14 to the language of bordism as follows
Proposition 2.16. For k = 2 and k = 3, every Ck-object which does not have
boundary is bordant to a nonsingular Ck-object. Bordant nonsingular Ck-objects
can be connected by a nonsingular bordism.
Proof. Recall that for a manifoldM , homotopy classes of maps π ∶M → C∣z∣(Dk) are
in bijection with the bordism class of Bk-objects (M,N, ǫ) such that N →M is a ∣z∣-
covering map. Note that for a Bk-object (M,N, ǫ), the projection p ∶M ×D
k/N →
M is a fiber bundle whose fibers are diffeomorphic to Dk − z where ∣z∣ is the degree
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of the covering map N → M . Now suppose the classifying map π lifts to the
configuration bundle maps
M C∣z∣(D
k),
CBun∣z∣(D
k)
π
then the bundle structure on the vertical tangent bundle of p ∶M ×Dk/N →M lifts
to BSΓk. Thus there exists a SΓk-structure F on M × D
k/N . Hence an element
in the bordism group MSO∗(CBun∣z∣(D
k)) consists of a data (M,N, ǫ,F) where
N ⊂ M × Dk has a trivial normal bundle with the trivialization ǫ such that the
projection map N →M is regular (covering map in this case whose degree is ∣z∣) at
every point in N and F is a codimension k Haefliger structure on M ×Dk/N that
coincides with the horizontal foliation near the boundary of the fibersM ×Dk →M .
From Section 2.1 and Remark 2.9, we know that
(2.17) MSO∗(BDiff
δ(Dk − z, ∂Dk))→MSO∗(CBun∣z∣(D
k))
is an isomorphism which means that (M,N, ǫ,F) is cobordant to (M ′,N ′, ǫ′,F ′)
where N ′ ⊂M ′ ×Dk, the projection N ′ →M ′ is ∣z∣-cover and F is a foliation on the
fiber bundle M ′ ×Dk/N ′ →M ′ which is transverse to the fibers. 
Therefore, we can translate the splitting theorem 1.1 to
Theorem 2.18. For k = 2 and k = 3, every Bk-object (M,N, ǫ) is bordant to a
nonsingular Bk-object (M
′,N ′, ǫ′) where the fiber bundle M ′ ×Dk/N ′ →M ′ given
by the projection to M ′ admits a foliation transverse to the fibers.
2.4. Inducing up the map BBr2g+2(D
2) → BMod(Σg,2). Recall that from the
introduction that there is a map
(2.19) φ ∶ C2g+2(D
2)→Mg,2
which sends 2g+2 points z = {z1, z2, . . . , z2g+2} to the Riemann surface Σz given by
fz(z)
2 =
2g+2
∏
i=1
(z − zi)
which is a branch cover over the unit disk with z as branched points. Let πz ∶
Σz → D2 denote the branched covering map. Note that the map φ induces a group
homomorphism between the fundamental groups
ψ ∶ Br2g+2(D
2)→Mod(Σg,2).
First let us observe that the homomorphism ψ can be lifted to a group homomor-
phism
ψ′ ∶ Diffδ(D2, (2g + 2)−marked points)→ Homeo(Σg,2, ∂Σg,2).
This is because by the covering space theory, we can lift every diffeomorphism of
D2 − z to a diffeomorphism of Σz − π
−1
z
(z) and we can extend a diffeomorphism of
Σz − π
−1
z
(z) over the ramification points to obtain a homeomorphism.
But for this lift ψ′, it is easy to see that the image of ψ′ does not land in
Diffδ(Σg,2, ∂Σg,2). For example, let f ∈ Diff
δ(D2,z) be a diffeomorphism that fixes
z1 and its derivative Dfz1 in a coordinate is given by the linear transformation
that sends (x, y) to (2x, y). Any lift of f to a homeomorphism of Σz cannot be
differentiated at the ramification point above z1. Because πz is a degree 2 map in
a neighborhood of ramification points, if Dψ′(f) exists at the ramification point
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above z1, as a linear transformation in a coordinate should send (x,0) to (2x,0)
and (0, y) to (0,2y) but it should fix pointwise the lines x = y and x = −y which is
not possible.
However we show that there is no homological obstruction to lift ψ to a group
homomorphism Ψ between diffeomorphism groups. Recall from Section 2 that there
exists a map
BDiffδ(D2 − z, ∂D2)→ CBun∣z∣(D
2),
which induces a homology equivalence. Similarly for diffeomorphism groups of
surfaces, we know (see [Nar15, Section 4.1.3] for more details) that there is a map
BDiffδ(Σg,2, ∂Σg,2)→ Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σg,2, ∂Σg,2)
which is an isomorphism on homology. Recall from Section 2.1 that fixing an
isomorphism between the tangent bundle T (Σg,2) and τ
∗(γ), we can think of space
of bundle maps Bun∂Σg,2(T (Σg,2), ν
∗(γ)) as the space of lifts of the tangential
structure of Σg,2 to BSΓ2
Σg,2 BGL2(R)
BSΓ2
τ
ν
f
that are equal to the base section s0 (induced by the point foliation) near the
boundary ∂Σg,2. The goal in this section is to define a map
(2.20) BDiffδ(D2,z) → Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σg,2, ∂Σg,2)
that naturally lives over φ in 2.19.
A model for the homotopy quotient Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σg,2, ∂Σg,2)
is
H(Σg,2) ×Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σg,2, ∂Σg,2),
where H(Σg,2) is the space of hyperbolic metrics on Σg,2. Note that the action of
Diff(Σg,2, ∂Σg,2) on H(Σg,2) is free. Since we have the following fiber bundle
Bun∂Σg,2(T (Σg,2), ν
∗(γ))→ Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σg,2, ∂Σg,2) →Mg,2,
we can think of the homotopy quotient Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σg,2, ∂Σg,2)
geometrically as the space of Riemann surfaces equipped with a lifting of the tan-
gential structure from BGL2(R) to BSΓ2. We use these models to prove
Theorem 2.21. There exists a map Φ which makes the following diagram homo-
topy commutative
BDiffδ(D2, (2g + 2) marked points) Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σg,2, ∂Σg,2)
BBr2g+2(D
2) BMod(Σg,2).
Φ
φ
Proof. Here we think of bundle maps as the space of lifts of the tangential structure
to BSΓ2. Note that BDiff
δ(D2,z) maps to the configuration section space by
BDiffδ(D2,z) → BDiffδ(D2 − z, ∂D2) → CBun∣z∣(D
2).
The image of this compositions lands in the subspace
Bun∂D2(T (D
2), ν∗(γ))/Diff(D2,z) ⊂ CBun∣z∣(D
2),
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in other words the image consists of pairs (a, g) where a is a configuration of ∣z∣
points in the disk and a section g that is defined over the entire disk D2.
Let z ∈ C2g+2(D
2) be a configuration of 2g + 2 points. The surface φ(z) = Σz is
a branch double cover over the disk
πz ∶ Σz → D2,
which is branched over z. Let π′ ∶ Σz − π
−1
z
(z) → D2 − z be the double cover on the
complement of the branch points. Consider the diagram
D2 − zΣz − π
−1
z
(z) BGL2(R)
BSΓ2D2Σz
f˜πz
τ ′
ν
f
π′
where τ ′ classifies the tangent bundle of D2 − z. Now since the image of the map
BDiffδ(D2, (2g + 2) marked points)→ CBun∣z∣(D
2),
consists of the pairs (z, f˜) where z is in C2g+2(D
2) and the restriction of f˜ to the
punctured disk D2 − z is f . Hence, we can define a map
Φ ∶ BDiffδ(D2, (2g+2) marked points) → Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σg,2, ∂Σg,2)
that sends (z, f) to (Σz, f˜ ○ πz). Therefore, we obtain the homotopy commutative
diagram of the theorem. 
Corollary 2.22. There exists a lift of φ that makes the following diagram homotopy
commutative
BBr2g+2(D
2) BMod(Σg,2).
Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σg,2, ∂Σg,2)
φ
h
Proof. Similar to the proof of the above theorem, we first define a map
α ∶ C∣z∣(D
2) →H(Σg,2) ×Bun∂Σg,2(T (Σg,2), ν
∗(γ)),
that sends a configuration of points z, to the pair (Σz, s0 ○πz), where s0 is the base
section in Bun∂D2(TD
2, ν∗(γ)) as in the diagram 2.1. Hence, the map α induces a
lift of φ
BBr2g+2(D
2)→ Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σg,2, ∂Σg,2).

Remark 2.23. Given that Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σg,2, ∂Σg,2) is homology
equivalent to BDiffδ(Σg,2, ∂Σg,2), the Corollary 2.22 implies that for any abelian
group A the induced map on homology
φ∗ ∶H∗(BBr2g+2(D
2);A) →H∗(BMod(Σg,2);A),
factors through
h∗ ∶H∗(BDiff
δ(Σg,2, ∂Σg,2);A) →H∗(BMod(Σg,2);A).
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In [Nar15, Theorem 3.23] for a finite field A = Fp, we showed that the map h∗ is
surjective for ∗ ≤ (2g − 2)/3. Given that Segal and Tillmann in [ST08] proved that
φ∗ is trivial in the stable range, one can deduce that the map
H∗(BBr2g+2(D
2);Fp)→H∗(BDiff
δ(Σg,2, ∂Σg,2);Fp)
is also trivial in the stable range ∗ ≤ (2g − 2)/3.
Corollary 2.22 implies that there is no cohomological obstruction to lift the map
φ in the diagram
(2.24)
BBr2g+2(D
2) BMod(Σg,2).
BDiffδ(Σg,2, ∂Σg,2)
φ
h
to BDiffδ(Σg,2, ∂Σg,2). Inspired by the work of [ST16], we show that in fact there
is no such a lift.
Theorem 2.25. For g > 1, the map φ cannot be lifted to BDiffδ(Σg,2, ∂Σg,2) in the
diagram 2.24.
Proof. Suppose the contrary. If we can lift φ, then we have the commutative dia-
gram by taking the fundamental group of the diagram 2.24
(2.26)
Br2g+2(D
2) Mod(Σg,2).
Diffδ(Σg,2, ∂Σg,2)
g
ψ
p
Since ψ is injective so is the map g and therefore g in particular injects the com-
mutator subgroup [Br2g+2(D
2),Br2g+2(D
2)] into Diffδ(Σg,2, ∂Σg,2). Let us denote
this subgroup of Diffδ(Σg,2, ∂Σg,2) by H . By the theorem of Gorin and Lin [GL69],
the group H is a finitely generated perfect group for g > 1.
Now we use Thurston’s stability theorem [Thu74b] to get a contradiction. Thurston’s
stability theorem says that for a manifold M and a point x ∈M , the group
C1 − Stab(x) ∶= {f ∈ Diffδ(M) ∶ f(x) = x, and Dfx = Id},
is locally indicable, meaning that every finitely generated subgroup in C1 −Stab(x)
surjects to Z. LetM ≅ Σg,2 and x ∈ ∂Σg,2. Since every element of Diff
δ(Σg,2, ∂Σg,2)
fixes a neighborhood of the boundary, the group H is a subgroup of C1 − Stab(x).
But since H is perfect, there is no nontrivial homomorphism from H to Z, which
is a contradiction. 
To show that the Φ in Theorem 2.21 is a nontrivial map, we prove it induces a
nontrivial map on homology. Given that Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σg,2, ∂Σg,2)
is homology equivalent to BDiffδ(Σg,2, ∂Σg,2), the induced map on homology is
H∗(BDiff
δ(D2, (2g + 2) marked points);Z) →H∗(BDiff
δ(Σg,2, ∂Σg,2);Z).
Unlike the theorem of Tillmann and Segal [ST08, Corollary 4.3] that proved that
φ induces a trivial map
H∗(Br2g+2(D
2);Z) →H∗(Mod(Σg,2);Z)
in the stable range, we show
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Theorem 2.27. For all g, the induced map by Φ on the third homology
H3(BDiff
δ(D2, (2g + 2) marked points);Z) →H3(BDiff
δ(Σg,2, ∂Σg,2);Z).
is nonzero.
Proof. Embed R2 as the interior of a small disk into D2 − z so that it lifts to two
disjoint disks in Σz under the map π
′ ∶ Σz − π
−1
z
(z) → D2 − z. This embedding
induces the following commutative diagram
BDiffδ(D2,z)
BDiffδ(Σz, ∂Σz)BDiff
δ
c(R
2) Bun∂Σg,2(T (Σg,2), ν
∗(γ))/Diff(Σz, ∂Σz).
H∗
≅
Therefore, we have the following commutative diagram on homology groups
(2.28)
H3(BDiff
δ(D2,z);Z)
H3(BDiff
δ
c(R
2);Z) H3(BDiff
δ(Σz, ∂Σz);Z),
k
so if we show the map k is nonzero, we are done. We use continuous variation
of Godbillon-Vey classes to show that k induces a nontrivial map on homology
with rational coefficients. There are two universal Godbillon-Vey classes h1c2 and
h1c
2
1 for codimension two foliations (see [Pit76, Chapter 2] for the definition of
these classes) that live in H5(BSΓ2;R). Therefore for any codimension 2 Haefliger
structure F on a spaceX , we have two classes h1c2 and h1c
2
1 in H
5(X ;R) associated
to F . Now consider the universal flat surface bundle
Σz Σz/Diff
δ(Σz, ∂Σz)
BDiffδ(Σz, ∂Σz).
Since the bundle is flat there is a codimension 2 Haefliger structure on the total
space (that is in fact transverse to the fibers), the characteristic classes associated
to this structure live in H5(Σz/Diff
δ(Σz, ∂Σz);R). If we integrate these two classes
on this flat Σz-bundle, we obtain a map
H3(BDiff
δ(Σz, ∂Σz);Q)
(∫ h1c2,∫ h1c
2
1
)
ÐÐÐÐÐÐÐÐ→ R2.
Note that in the diagram 2.28, the map k is induced by embedding two disjoint
disks into the the surface, hence if we compose k with the above map, we obtain
H3(BDiff
δ
c(R
2);Q)
(2 ∫ h1c2,2 ∫ h1c
2
1
)
ÐÐÐÐÐÐÐÐÐÐ→ R2.
Hence, we only need to show H3(BDiff
δ
c(R
2);Q)
(∫ h1c2,∫ h1c
2
1
)
ÐÐÐÐÐÐÐÐ→ R2 is nontrivial.
Let BDiffc(R2) be the homotopy fiber of the map
BDiffδc(R
2) → BDiffc(R2).
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But the topological group Diffc(R
2) is contractible, so BDiffc(R2) ≃ BDiff
δ
c(R
2).
By Thurston’s theorem [Thu74a], we know that there is a map
BDiffc(R2) → Ω2BSΓ2
that induces a homology isomorphism. By the theorem of Haefliger and Thurston
[Bot72, Theorem 10.3], we know BSΓ2 is at least 3-connected. Therefore, we have
H3(BDiff
δ
c(R
2);Q)
≅
Ð→H3(Ω2BSΓ2;Q)↠H5(BSΓ2;Q)↠ R2.
The first map is an isomorphism by Thurston’s theorem. The second map is the
suspension map which is surjective by the rational Hurewicz theorem. The third
map is given by Godbillon-Vey classes
H5(BSΓ2;Q)
(∫ h1c2,∫ h1c
2
1
)
ÐÐÐÐÐÐÐÐ→ R2
which is surjective as a corollary of the theorem of Rasmussen [Ras80]. 
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